We investigate the cubic interactions of a massless higher-spin fermion with gravity in flat space and present covariant 2 − s − s vertices, compatible with the gauge symmetries of the system, preserving parity. This explicit construction relies on the BRST deformation scheme that assumes locality and Poincaré invariance. Consistent nontrivial cubic deformations exclude minimal gravitational coupling and may appear only with a number of derivatives constrained in a given range. Derived in an independent manner, our results do agree with those obtained from the light-cone formulation or inspired by string theory. We also show that none of the Abelian vertices deform the gauge transformations, while all the non-Abelian ones are obstructed in a local theory beyond the cubic order.
Introduction
Interactions of massless higher-spin fields in flat space are severely constrained. Powerful no-go theorems forbid minimal coupling to gravity in Minkowski space when the particle's spin exceeds the value s = 2 [1, 2, 3] . Higher-spin particles may still possess gravitational multipoles. For bosonic fields, for example, consistent 2−s−s trilinear vertices exist [4, 5] , albeit they may get obstructed beyond the cubic order in a local theory.
In general, one can consider s 1 − s 2 − s 3 cubic vertices involving massless fields of arbitrary spins. The number of derivatives in these vertices, as the light-cone formulation elucidates, is restricted, which provides a way of classifying them [6, 7] . The complete list of such vertices for bosonic fields appeared already in [8] , but their explicit construction may call for the Noether procedure [9] or the BRST-BV cohomological methods [4, 5, 10] . The tensionless limit of open string theory, on the other hand, yields a set of cubic vertices in one-to-one correspondence with that found in the light-cone formulation [11] .
This paper is devoted to the study of the cubic interactions of an arbitrary-spin massless fermion with dynamical gravity in flat space of dimension D ≥ 4, and is a sequel to its electromagnetic counterpart [12] . Fermions are interesting in that they are required by supersymmetry−a crucial ingredient of string theory that indeed incorporates an infinite tower of higher-spin fields. Their appearance in the higher-spin literature [7, 11, 12, 13 ] is yet meager; our study aims at filling some of the gaps. For totally symmetric Dirac fermions ψ µ 1 ...µn , of spin s = n+ 1 2 , we employ the powerful BRST deformation scheme [10] for systematic construction of covariant interaction vertices allowed by gauge symmetry. The underlying assumptions include only locality, Poincaré invariance and conservation of parity. The covariant 2 − s − s cubic vertices we are about to find will thus complement their bosonic counterparts constructed in Ref. [5] . We will consider only s ≥ 5 2 , since spin 3 2 has no consistency issues with gravity (gauge deformations of the free system indeed leads uniquely to N = 1 supergravity [14] under reasonable assumptions).
The organization of the paper is as follows: In the remaining of this Section we clarify our conventions and notations, and spell out our main results. Section 2 is a brief account of the BRST deformation scheme [10] for irreducible gauge theories−a machinery to be used in the remaining of the paper. In Section 3, we consider in great detail s = 5 2 , which serves as a prototype for arbitrary spin. Treating the gauge-algebra-deforming/preserving cases separately, we explicitly construct all the 2− vertices, and cast them into various off-shell forms to make some desired properties manifest. Section 4 is a straightforward arbitrary-spin generalization that mimics the spin- 5 2 case. In Section 5 we show that our non-Abelian vertices face obstructions in a local theory beyond the cubic order. We conclude with some remarks in Section 6. Three appendices supplement the main text to provide useful technical details much required throughout the bulk of the paper.
Conventions & Notations
We work with mostly positive metric in Minkowski spacetime of dimension D ≥ 4. The Clifford algebra is {γ µ , γ ν } ≡ +2η µν , and the γ-matrices obey γ (η µρ η νσ − η µσ η νρ ).
The spin-2 graviton field will be denoted by h µν , while its 1-curl by a Fraktur letter:
The 2-curl of the graviton is simply the linearized Riemann tensor, denoted by R µνρσ as usual:
. Its trace is the linearized Ricci tensor:
R µν ≡ R µρν ρ , whose trace in turn is the Ricci scalar: R ≡ R µ µ . The symbol R µν will denote the double γ-trace, γ ρσ R µνρσ , of the Riemann tensor. 1 We will also use the symbols:
γ µνρσ R ρσ αβ and h +µν λ ≡ η µν|ρσ + 1 2 γ µνρσ h ρσ λ .
For the spin- 5 2 field, ψ µν , we denote a 1-curl by an upright greek letter: ψ µν ρ ≡ 2∂ [µ ψ ν]ρ , and a 2-curl (curvature tensor) by an uppercase greek letter:
For arbitrary spin s = n + 1 2 , we have a totally symmetric rank-n tensor-spinor ψ ν 1 ...νn , whose curvature is a rank-2n tensor-spinor, Ψ µ 1 ν 1 |µ 2 ν 2 |...|µnνn , defined as the n-curl, This is the Weinberg curvature tensor [15] . Its properties and relation to the equations of motion (EoMs), along with those of the Riemann tensor, will be discussed in Appendix A. However, for s > 5 2 , one can have multiple intermediate curls. An m-curl for 0 < m < n, will be denoted by an upright greek letter with an explicit superscript m, The Fronsdal tensor for the fermionic field [16] will be denoted by S µ 1 ...µn , i.e., S µ 1 ...µn = i ∂ ψ µ 1 ...µn − n∂ (µ 1 ψ µ 2 ...µn) .
Finally, the symbol " . =" will mean the equality of expressions up to a total derivative, while "≈" the equivalence of vertices up to field redefinitions and total derivatives. 1 In all other cases "slash" will always mean a single γ-trace: γ µ Q µ ≡ Q, and "prime" a trace. 2 One may extrapolate m to include the values n and 0: m = n gives nothing but the curvature tensor, 
Results
• We provide a cohomological proof of the well-known fact that in flat space a massless spin- 5 2 field cannot have minimal coupling to gravity [2, 3] . This result generalizes easily to higher-spin fermions.
• For spin s = n+ 1 2 , we find that the possible number of derivatives in a cubic 2−s−s vertex is restricted to only five allowed values: 2n − 2, 2n − 1, 2n, 2n + 1 and 2n + 2, with only one inequivalent vertex for each value. Derived independently, this is in complete accordance with the light-cone-formulation results of Metsaev [7] .
• Two of the vertices−those with the lowest 2n−2 and 2n−1 number of derivatives−are non-Abelian, while the other three are Abelian.
• Only two of these vertices exist in D = 4: the ones with the lowest 2n − 2 and highest 2n + 2 number of derivatives. All five vertices are nontrivial in D ≥ 5.
• None of the Abelian vertices deform the gauge transformations. The highestderivative one can be written in a strictly gauge-invariant 3-curvature term, while the other two can be rendered gauge invariant only up to total derivatives.
• In a local theory, with no additional dynamical degrees of freedom, the non-Abelian vertices get obstructed beyond the cubic order.
A summary of our results, for the prototypical example of spin 5 2 , appears below: In this Section we outline the BRST deformation scheme−our tool to find gravitational vertices of massless higher-spin fermions. 3 As pointed out in [10] , one can reformulate the classical problem of introducing consistent interactions in a gauge theory in terms of the BRST differential and the BRST cohomology. The advantage is that the search for all possible consistent interactions becomes systematic, thanks to the cohomological approach. Obstructions to deforming a gauge-invariant action also become related to precise cohomological classes of the BRST differential.
Fields and Antifields
Let us consider an irreducible gauge theory of a collection of fields {φ i }, with m gauge
Corresponding to each gauge parameter ε α , one introduces a ghost field C α , with the same algebraic symmetries but opposite Grassmann parity (ǫ). The original fields and ghosts are collectively called fields, denoted by Φ A . The configuration space is further enlarged by introducing, for each field and ghost, an antifield Φ *
A , that has the same algebraic symmetries (in its indices when A is a multi-index) but opposite Grassmann parity.
Gradings
In the algebra generated by the fields and antifields, we introduce two gradings: the pure ghost number (pgh) and the antighost number (agh). The former is non-zero only for the ghost fields. In particular, for irreducible gauge theories, pgh(C α ) = 1, while pgh(φ i ) = 0 for any original field. The antighost number, on the other hand, is non-zero only for the antifields Φ *
The ghost number (gh) is another grading, defined as gh = pgh − agh.
Antibracket
One defines an odd symplectic structure−the antibracket−on the space of fields and antifields:
This definition gives Φ A , Φ * B = δ A B , which is real. Because a field and its antifield have opposite Grassmann parity, it follows that if Φ A is real, Φ * B must be purely imaginary, and vice versa. Note that the antibracket satisfies the graded Jacobi identity.
Master Action
The original gauge-invariant action 
which, by virtue of the Noether identities and the higher-order gauge-structure equations, satisfies the classical master equation
In other words, the master action S incorporates compactly all the consistency conditions pertaining to the gauge transformations.
BRST Differential
The master action also plays role as the generator of the BRST differential s, which is defined as
Notice that S is BRST-closed, as a simple consequence of the master equation. From the properties of the antibracket, it also follows that s is nilpotent,
Therefore, the master action S belongs to the cohomology of s, denoted as H(s), in the space of local functionals of the fields, antifields, and their finite number of derivatives.
Deformed Master Action
As we know, the existence of the master action S as a solution of the master equation is completely equivalent to the gauge invariance of the original action
one can reformulate the problem of introducing consistent interactions in a gauge theory as that of deforming the solution S of the master equation. Let S be the solution of the deformed master equation, (S, S) = 0. This must be a deformation of the solution S 0 of the master equation of the free gauge theory, in the deformation parameter g,
The master equation for S splits, up to O(g 2 ), into
Eq. (7) is fulfilled by assumption, and in fact S 0 is the generator of the BRST differential for the free theory, which we will denote as s. Thus, Eq. (8) translates to
i.e., S 1 is BRST-closed.
First-Order Deformations
If the first-order local deformations are given by S 1 = a, where a is a top-form of ghost number 0, then one has the cocycle condition
Non-trivial deformations therefore belong to H 0 (s|d)−the cohomology of the zeroth-order BRST differential s, modulo total derivatives d(. . . ), at ghost number 0. Now, if one makes an antighost-number expansion of the local form a, it stops at agh = 2 [5, 17, 18] ,
For cubic deformations S 1 = a, it is easy to check that indeed one cannot construct an object with agh > 2 [5] . The result, however, is more general and holds in fact also for higher order deformations, as it follows from the results of Refs. [17, 18, 14] . The significance of the various terms is worth recalling: a 0 is the deformation of the Lagrangian, while a 1 and a 2 encode information about the deformations of the gauge transformations and the gauge algebra respectively [10] . Thus, if a 2 is not trivial, the algebra of the gauge transformations is deformed and becomes non-Abelian. On the other hand, if a 2 = 0 (up to redefinitions), the algebra remains Abelian to first order in the deformation parameter. In that case, if a 1 is not trivial, the gauge transformations are deformed (remaining Abelian), while if a 1 = 0 (up to redefinitions), the gauge transformations remain the same as in the undeformed case.
Consistency Cascade
The various gradings are of relevance as s decomposes into the sum of the Koszul-Tate differential, ∆, and the longitudinal derivative along the gauge orbits, Γ:
The operator ∆ implements the EoMs by acting only on the antifields. It decreases the antighost number by one unit while keeping unchanged the pure ghost number. Γ acts only on the original fields and produces the gauge transformations. It increases the pure ghost number by one unit without modifying the antighost number. Accordingly, all three ∆, Γ and s increase the ghost number by one unit, gh(∆) = gh(Γ) = gh(s) = 1. Note that ∆ and Γ are nilpotent and anticommuting,
Given the expansion (12) and the decomposition (13), the cocycle condition (11) yields the following cascade of relations, that a consistent deformation must obey:
We will call the set of conditions (15)- (17) the consistency cascade. Note that a 2 can always be chosen as Γ-closed, instead of Γ-closed modulo d [17] .
Second-Order Deformations
Finally, while the graded Jacobi identity for the antibracket renders (S 1 , S 1 ) BRST-closed, the second-order consistency condition (9) requires that it actually be s-exact:
This condition determines whether or not, in a local theory, a consistent first-order deformation gets obstructed at the second order. Such higher-order obstructions are controlled by the local BRST cohomology group H 1 (s|d) [17] .
Non-Triviality of Deformations
The highest-order term a 2 will be trivial (removable by redefinitions) iff one can get rid of it by adding to a an s-exact term modulo d, sm + dn. Expanding m and n according to the antighost number, and taking into account the fact that m and n also stop at agh = 2 since they are both cubic, one finds that a 2 is trivial iff a 2 = Γm 2 + dn 2 . We see that the cohomology of Γ modulo d plays an important role. The cubic vertex will deform the gauge algebra if and only if a 2 is a non-trivial element of the cohomology of Γ modulo d. If a 2 is trivial, the vertex is called Abelian. In this case, one can always choose a 2 = 0, and Γa 1 = 0 [17] . The vertex deforms the gauge transformations unless a 1 is ∆-exact modulo d, a 1 = ∆m 2 + dn 1 , where m 2 can be assumed to be invariant [17, 18, 14] . In that instance, one can remove a 1 , and so one can take a 0 to be Γ-closed modulo d: the vertex only deforms the action without deforming the gauge transformations.
Non-trivial Lagrangian deformations a 0 are non-trivial elements in H(∆), whereas trivial interactions are given by ∆-exact terms modulo total derivatives. Therefore, two vertices are equivalent iff they differ by ∆-exact terms up to total derivatives.
Gravitational Coupling of Massless Spin 5/2
In this Section we construct parity-preserving off-shell 2 − vertices by employing the BRST-BV cohomological methods. The spin- 5 2 system is simple enough so that one can implement the BRST-deformation scheme with ease, while it captures many nontrivial features that will propagate along as one moves on to arbitrary spin, which will be considered in the next Section.
The starting point is the free theory, which contains a graviton field h µν and a massless spin- 5 2 tensor-spinor field ψ µν , described by the action
which enjoys two Abelian gauge invariances
For the Grassmann-even bosonic gauge parameter λ µ , we introduce the Grassmannodd bosonic ghost C µ . Corresponding to the Grassmann-odd fermionic gauge parameter ε µ , we have the Grassmann-even fermionic ghost ξ µ , which is of course γ-traceless. Therefore, the set of fields becomes
For each of these fields, we introduce an antifield with the same algebraic symmetries in its indices but opposite Grassmann parity, the set of which is
Now we construct the free master action S 0 , which is an extension of the original gauge-invariant action (19) by terms involving ghosts and antifields. Explicitly,
which is easily seen to satisfy the master equation (S 0 , S 0 ) = 0. Notice that the antifields appear as sources for the "gauge" variations, with gauge parameters replaced by corresponding ghosts. We spell out in Table 2 the different gradings and Grassmann parity of the various fields and antifields, along with the action of Γ and ∆ on them.
For the spin- 5 2 field, the Fronsdal tensor is S µν = i ∂ ψ µν − 2∂ (µ ψ ν) , and it is related to the original EoMs via 
Note that the divergence ∂ ν R µν is not zero−unlike that of the Einstein tensor−but is proportional to γ µ . 4 Because of this, when ∆ acts on the fermionic antighostξ * µ , the result is more than a simple divergence of the antifieldψ * µν (see Appendix A). Explicitly,
The cohomology of Γ is isomorphic to the space of functions of (see Appendix B)
• The undifferentiated ghosts {C µ , ξ µ }. Also the 1-curl of the bosonic ghost C µν as well as the γ-traceless part of the 1-curl of the fermionic ghost ξ µν ,
• The antifields {h * µν , C * µ ,ψ * µν ,ξ * µ } and their derivatives,
• The curvatures {R µνρλ , Ψ µν|ρλ } and their derivatives,
• The Fronsdal tensor S µν and its symmetrized derivatives.
Non-Abelian Vertices
Non-Abelian vertices are those that deform the gauge algebra. They correspond to deformations of the master action with nontrivial terms at agh = 2. In other words, a 2 is a nontrivial element in H(Γ|d). Notice that a 2 is Grassmann even, hermitian and has gh(a 2 ) = 0. Besides, we require that a 2 be a parity-even Lorentz scalar. It is then clear that any a 2 will consist of a single antighost and two ghost fields. Let us note that two a 2 's are equivalent iff they differ by Γ-exact terms modulo total derivatives. Without loss of generality, we can thus choose the antighost to be undifferentiated. Furthermore, any derivative acting on the ghost fields {C µ , ξ µ } can be realized as a 1-curl {C µν , ξ µν } up to irrelevant Γ-exact terms (see Appendix B). Because the derivative of a ghost-curl is Γ-exact, a nontrivial a 2 can never contain more than 2 derivatives. This already poses an upper bound of 3 on the number of derivatives in a non-Abelian vertex.
To be more explicit, let us write down all the inequivalent a 2 's. In view of the actions of Γ and ∆ on various (anti)fields, given any a 2 , the consistency cascade (15)- (17) unambiguously counts the number of derivatives p contained in the corresponding vertex a 0 . Thus we can classify a 2 's based on the value of p. The set of all possible nontrivial a 2 's falls into two subsets: Subset-1 contains the bosonic antighost C * µ , while subset-2 contains the fermionic one ξ * µ . In subset-1 we have
It is easy to see that this list is indeed complete. First, it follows from Lorentz invariance that if p is odd(even), the number of γ matrices is also odd(even). The latter can be chosen simply to be 1(0). This is because if more γ matrices are there, one can anti-commute them past each other using the Clifford algebra to see that only terms with 1(0) γ-matrix survive, while other terms are either killed ( ξ = 0) or made trivial (γ α ξ αβ = Γ-exact).
Note that the p = 1 candidate, igC * µξα γ µ ξ α , is easily ruled out as inconsistent. To see this, we simply take its ∆ variation and integrate by parts to find ∆a 2 . = 2igh * µν ∂ ν ξ α γ µ ξ α , which contains nontrivial elements of H(Γ|d), involving the ghost-curlξ αν . Therefore, the consistency condition (16) cannot be satisfied. Next we consider subset-2 whose a 2 's contain the (undifferentiated) fermionic antighost. Again, the a 2 's can be classified based on the value p of the number of derivatives in the corresponding vertex a 0 . The complete list is
where α 1 and α 2 are dimensionless constants. Because both ξ and ξ * vanish, and γ α ξ αβ = Γ-exact, any γ-matrix must be contracted with the bosonic ghost or with its curl. Then one can easily verify that the list (27) indeed gives all possible inequivalent Lorentz scalars.
Here it is easy to rule out the p = 0 candidate, gξ * µ γ α ξ µ C α + h.c., as inconsistent. Again, we simply take its ∆ variation and integrate by parts to obtain ∆a 2 . = −2gχ * µν ∂ ν (γ α ξ µ C α ) + h.c., which contains nontrivial elements of H(Γ|d), involving the ghost-curls ξ νµ and C να . The consistency condition (16) cannot then be satisfied.
Minimal Coupling and Absence Thereof
A possible minimal coupling would correspond to a 1-derivative vertex. The most general a 2 can be written as (dropping the already-ruled-out candidate containing C * µ )
where α 1 and α 2 are dimensionless constants. Then we have
where we recall thatχ . The only subtlety are the terms containing the γ-trace ψ * α of the fermionic antifield, for which one needs to use the identity:
With the cocycle condition (16) thus satisfied, the unambiguous piece in a 1 readŝ
where the ellipses stand for terms with the fermionic ghost ξ µ but not C µ . This giveŝ
Similarly, because the ambiguityã 1 belongs to H(Γ), we havẽ
Now the cocycle condition (17) is fulfilled if
for some a 0 . = h µν T µν . Taking a functional derivative w.r.t. C µ then yieldŝ
Using Eqs. (31) and (32), and taking a Γ variation one is lead to the necessary condition
In D ≥ 4, this condition can never be satisfied, since the terms inside the brackets are not Γ-exact modulo d. Thus we conclude that there is no 1-derivative
− 2 vertex; i.e., a massless spin- 5 2 field cannot have minimal coupling to gravity in flat space [2] .
The 2-Derivative Vertex
Having ruled out minimal coupling, we are lead to consider the next possibility−the 2-derivative vertex, for which the corresponding a 2 reads
where the coupling constants g andg are a priori complex, but will soon be required to be real. Notice that, for future convenience, we wrote the term with fermionic antighost with five γ-matrices, instead of just one, as it appears in Eq. (27) . The equivalence of the two forms, although rather obvious, is made explicit in Appendix C.1 for interested readers. To find a possible a 1 , we take the ∆ variation of Eq. (36) and integrate by parts:
In view of Eqs. (B.8) and (B.11), the Γ-exactness of the second piece on the right-hand side is manifest, while in the first piece one can also use Eq. (B.9) to extract Γ-exact terms. The contributions that are nontrivial in H(Γ) cancel each other only if g is real. Therefore, the cocycle condition (16) is satisfied. This gives, up to an ambiguityã 1 ,
where Γã 1 = 0, and the other terms are unambiguously determined to be
We will now compute the ∆ variations of the above quantities. From Eq. (39) one finds
which does not contain the bosonic ghost C µ . Note that neither can ∆ã 1 give rise to terms containing C µ . This is because, if the ambiguityã 1 contains C µ or its curl, it must also contain the Fronsdal tensors 5 and thus be ∆-exact, so that ∆ã 1 = 0. This fact puts restrictions on ∆a 1g : it may contain C µ only in the form of symmetrized derivatives, ∂ (µ C ν) , up to total-derivative terms. Otherwise, ∆a 1 will have nontrivial pieces belonging to H(Γ|d), and the condition ∆a 1 . = −Γa 0 may never be satisfied. With the above facts in mind, we compute the following quantity, that will be useful:
The right-hand side, if non-zero, must be the divergence of a symmetric tensor: ∂ ν X µν with X µν = X νµ . As shown in Appendix C.1, this is possible only ifg is real, and it yields
Then, the bosonic ghost C µ will appear in ∆a 1g only through Γ-exact pieces. Explicitly,
One can now simplify the right-hand side, which does not contain the bosonic ghost C µ , but just the fermionic one ξ µ . The result is (see Appendix C.1)
It is easy to see that the right-hand side is a nontrivial element of H(Γ|d). Only if it can be written, up to Γ-exact pieces and total derivatives, in terms of ∆ã 1 plus possibly ∆a 1g , for some choice ofg, can one fulfill the condition ∆a 1 . = −Γa 0 and thus obtain a vertex. After a tedious but straightforward calculation, shown in Appendix C.1, one can write
where
γ µνρσ R ρσ αβ , and ∆a is given in Eq. (C.29). The next step is to relate the latter quantity with ∆ã 1 and ∆a 1g up to total derivatives. Indeed, as we see in Appendix C.1, this feat can be achieved. We find
for some ambiguityã 1 spelled out in Eq. (C.31). Then one can choosẽ
in order to fulfill the cocycle condition (17) . That is, Eq. (46) takes the form:
where the vertex a 0 is given by
We emphasize that it is a unique linear combination in Eq. (36), withg = 1 8 g being real valued, for which the a 2 gets lifted to a vertex a 0 through the consistency cascade. The 2-derivative vertex is therefore unique. While it simplifies in 4D as the last term in Eq. (50) vanishes, the vertex is non-zero in any D ≥ 4.
The 3-Derivative Vertex
In this case, as we see from Eqs. (26) and (27) , there is just one candidate for a 2 , namely
Again, for future convenience, we wrote it with five γ-matrices, instead of just one as it appears in Eq. (26) . The equivalence of the two forms is made explicit in Appendix C.2. Acting with ∆ on Eq. (51) and integrating by parts one evidently produces only Γ-exact terms, thanks to the relations (B.11). The corresponding a 1 is thus easily seen to be
for some ambiguityã 1 such that Γã 1 = 0. Now we address the problem of finding the lift to a 0 . Acting on the above expression with ∆ again, one obtains the Einstein tensor, which can be written as
Thus one ends up having
The term proportional to the Ricci scalar is simply zero because of the Bianchi identity 
The first term in the parentheses and its hermitian conjugate combine into a Γ-exact term modulo d, since the Γ variation of the graviton curl is zero up to a total derivative, again by the Bianchi identities ∂ [λξµν] = 0 and ∂ [λ ψ αβ] σ = 0. In the second term, on the other hand, one can pull a derivative out of the ghost-curl and integrate by parts to obtain
As shown in Appendix C.2, the right-hand side can be rendered precisely Γ-exact modulo d, with a choice of the ambiguity, given by Eq. (C.39). Then Eq. (55) reduces to
The two Γ-exact pieces then combine to have fulfilled the condition ∆a 1 + Γa 0 . = 0, with
The above 3-derivative vertex vanishes in D = 4, and this fact is manifest from the presence of the antisymmetrized product of five γ-matrices.
Abelian Vertices
Having exhausted all the nontrivial a 2 's, we are only left to consider vertices with trivial a 2 . In this case, as we show in Subsection 4.2 for generic spin, one can always choose to write a vertex as the graviton field h µν contracted with a gauge-invariant
where the divergence of the current is the ∆ variation of a Γ-closed object:
The gauge-invariant current T µν is a bilinear in the fermion fields, which cannot be ∆-exact since otherwise the vertex (58) would be trivial. This leaves us with considering only bilinears of the curvature Ψ µν|ρσ . Schematically, the current is of the form
where M, N are compound indices, andÔ is an operator built from derivatives, γ-matrices and the metric tensor. This immediately implies that an Abelian vertex will contain at least four derivatives−two from both curvatures withÔ containing no derivative. To find the possible tensor structure ofÔ, let us first note that we can forego contractions of any pair of indices in the same curvature tensor since the result is always ∆-exact, if not zero. It is sufficient to consider inÔ no more than one γ-matrix, which must carry either the µ-index or ν. To see this, notice that if a γ-matrix carries one of the indices of the curvatures−any from the sets M and N−one can use the Clifford algebra to anticommute it past other possible γ-matrices to end up producing a γ-trace of the curvature, which is ∆-exact. This leaves us only with γ µ and γ ν , which, however cannot appear simultaneously because their symmetrization would eliminate them both. Similar reasonings rule out the appearance of the operator ∂, and therefore of , inÔ. How many derivatives mayÔ contain? If it contains one derivative, there will be one γ-matrix carrying either the index µ or ν, say γ µ . One can always choose the other index ν to appear on the derivative under consideration. In the only other nontrivial possibility, the latter index is contracted with, and therefore appears on, a curvature on which the derivative must act. Then one can pull out the derivative ∂ ν by using the second Bianchi identity and symmetry properties of the curvatures. Similarly, whenÔ contains more derivatives, one can forego the appearance of the indices µ and ν on the curvatures. However, the number of derivatives cannot exceed two. To see this, let us consider the possibility of having three derivatives or more:
whereP is a 1-or higher-derivative operator. Then one can use the so-called 3-box rule:
integrate by parts, and drop ∆-exact terms to write
where the last equivalence is due to the fact that
a ∆-exact quantity. Therefore, the vertex is trivial since the divergence of the fermion bilinear is ∆-exact. The latter fact originates from ∂ ν T µν = ∆M µ , and that the divergence is blind to the presence of the extra derivatives
On the other hand, if the extra derivatives carry any indices belonging to the sets M and N, one must keep in mind that a divergence of the curvature is ∆-exact. Given the hermiticity of T µν , the commutativity of covariant derivatives, the antisymmetry of paired indices in and the Bianchi identities obeyed by the curvature, it is easy to convince ourselves that this vertex is always equivalent to the previous one, which we already ruled out. This proves our claim thatÔ may contain at most two derivatives. This sets an upper bound of six on the number of derivatives in T µν , and therefore also in the vertex a 0 .
The 4-Derivative Vertex
When the operatorÔ in Eq. (60) does not contain any derivative, the corresponding vertex (58) is a 4-derivative one. The generic form of the current is
where the parameter α is to be fixed by requiring that ∂ ν T µν be ∆-exact. Now the divergence of Eq. (61) contains some nontrivial pieces in H(∆), given by
By using the Bianchi identity
∂ µ Ψ νλ|αβ , the first term in the parentheses is rendered the same as the second one. These terms cancel each other if we set α = − . Thus, there is just one 4-derivative vertex, given by
where the last equivalent form owes its existence to the identity (C.3), which can be rewritten as 
Now one can use the identity (A.18), for the divergence of the curvature, to obtain
In the first term on the right-hand side, one can use γ ρσαβ ∂ = 2γ ρσαβτ − γ τ γ ρσαβ ∂ τ , and then integrate by parts w.r.t. ∂ τ noticing that the 5-γ piece is killed by Bianchi identity.
In the second term, on the other hand, one can integrate by parts w.r.t. ∂ λ . The result is
The first line on the right-hand side is a double divergence, because one can pull out the ∂ α from the Fronsdal tensor, and make it a total derivative by using the Bianchi identities. That is, the first line plus its hermitian conjugate reduces to the form
, where
which is both Γ-closed and ∆-exact. On the other hand, the second line of Eq. (66) 
The same step also gives a total derivative:
, which can be turned into a double divergence by pulling out ∂ α and integrating by parts. When hermitian conjugates are taken into account, the end result is that the second line of Eq. (66) reduces to the form
, where X and Y 2 are both Γ-closed and ∆-exact:
Thus, we have shown that ∆M µ can be rewritten as
This, along with Eqs. (67)-(69), fulfills the sufficient condition (106) for the triviality of a 1 . That is, the vertex does not actually deform the gauge transformations: one can make it strictly gauge-invariant modulo d, by adding ∆-exact terms spelled out in Eq. (109).
Although not manifest, this vertex actually vanishes in 4D. In fact, one can find the following form of the vertex:
which makes the triviality in D = 4 manifest. To see that this is indeed equivalent to the vertex (63), let is use the γ-matrix identity (C.18) in the vertex (71) to break it into terms containing only antisymmetric products of six γ-matrices or two. The former kind of terms all vanish because of either the Bianchi identities or the symmetry in the indices carried by the graviton. On the other hand, the terms containing two γ-matrices are actually equivalent to terms containing none. This is because the symmetry in the graviton indices requires that at least one γ-matrix be contracted with a spin- Having gotten rid of γ-matrices, it is now straightforward to carry the computation. The number of possible terms are greatly reduced by the symmetry properties of the associated fields and curvatures. One can also drop traces of the curvatures since they are ∆-exact. Thus, one ends up having the first form of the vertex presented in Eq. (63).
The 5-derivative vertex
When the vertex contains five derivatives, the operatorÔ in Eq. (60) includes one. As we discussed already, the form ofÔ is much restricted. Indeed, we have just one possibility:
where the operator
∂ µ plays a crucial role in eliminating from ∂ ν T µν terms that are not ∆-exact. The vertex is given, by Eq. (58), as
To see the equivalence of the second form, let us remove therein any derivative on the graviton field by integrating it by parts. This gives a derivative of the spin- curvatures: the divergence is ∆-exact, while in the gradient one can use the second Bianchi identity and the symmetry properties of the curvatures to pull out a derivative with an index of the graviton field. The equivalence of the vertices then follows immediately.
We can write the second equivalent form as 
Therefore, we have another equivalent form of the vertex:
The virtue of this form is twofold. First, the presence of an antisymmetric product of five γ-matrices manifestly renders this vertex trivial in D = 4. Second, because of the Bianchi identities, the gauge variation of the vertex is just a total derivative, which means that it does not deform the gauge transformations.
The 6-Derivative Vertex
There is a unique 6-derivative hermitian current whose divergence is ∆-exact. It reads
While the vertex is simply given by T µν h µν , one can also cast it into a "geometrical" form that involves the product of all three curvatures:
This form is strictly gauge invariant, and the vertex exists in all D ≥ 4. To see the equivalence of the two forms of the vertex, let us remove in the vertex (76) all the derivatives from the graviton field, by integrations by parts. Dropping divergences of the spin- 5 2 curvature, that are ∆-exact, we arrive at
where the second equivalence results from the Bianchi identity. The first term in the parentheses imposes the Bianchi identity
∂ ν Ψ αβ|ρσ , whereas the second term enables us to use the 3-box rule:
can drop ∆-exact terms, like Ψ µβ|ρσ , and integrate by parts to obtain
In the resulting expression, let us remove all the derivatives from the graviton field to get
In the second term, we can again use the Bianchi identity
that some of the resulting pieces cancel the first term. The remaining pieces add to the form T µν h µν , with T µν given precisely by Eq. (75). So the vertices are equivalent.
4 Arbitrary Spin:
The sets of fields and antifields for the arbitrary-spin case are given by
For n > 2, there is a triple γ-trace constraint on the field and antifield, i.e.,
The rank-(n − 1) fermionic ghost and its antighost are γ-traceless as usual:
The spin-s Lagrangian EoMs are given by the rank-n tensor-spinor R µ 1 ...µn , which is an arbitrary-spin generalization of (24), and is related to the Fronsdal tensor as follows:
While an account of the cohomology of Γ is given in Appendix B, below we spell out some important properties of the various fields and antifields. 
Note that the antifieldχ * µ 1 ...µn is given by Eqs. (A.37)-(A.38). With the above table, it is easy to construct the BRST-closed free master action for the arbitrary-spin case:
Now we are ready to construct the 2 −s −s cubic vertices. Having worked out the spin 5 2 case as a prototypical example, our job has become easy, since many of the statements made for spin 5 2 go verbatim for arbitrary spin.
Non-Abelian Vertices
Let us recall that any a 2 consists of two ghost fields and a single antighost, and that the latter can be chosen to be undifferentiated without loss of generality. As explained in Appendix B, a single derivative acting on the ghost C µ can be realized as a 1-curl C µν modulo irrelevant Γ-exact terms, while two or more derivatives are never nontrivial. For the fermionic ghost ξ µ 1 ...µ n−1 , on the other hand, one can choose any m-curl:
with m = 1, 2, ..., n − 1, and more than n − 1 derivatives give Γ-exact terms. Clearly, a nontrivial a 2 cannot contain more than 2n − 2 derivatives. This sets an upper bound of 2n − 1 on the number of derivatives in a non-Abelian vertex given the actions of Γ and ∆ on various (anti)fields and the consistency cascade (15)- (17) .
Again, all nontrivial a 2 's fall into two subsets: Subset-1 contains the bosonic antighost C * µ , and subset-2 the fermionic one ξ * µ 1 ...µ n−1 . Subset-1 has the form: a 2 = C * µ X µ , where X µ is some bilinear in the fermionic ghost-curls. Then we have: ∆a 2 . = 2h * µν ∂ (µ X ν) , which must be Γ-exact modulo d if the cocycle condition (16) is to be satisfied. Because Γ does not act on the antifields, a functional derivative w.r.t. h * µν gives
Now, the symmetrized derivative of X µ can be schematically written as
When m 1 and m 2 are equal, we have the plus sign for a nonzero X, and nontrivial elements of H(Γ) are absent only when m 1 = m 2 = n − 1. When they are unequal, let us take m 1 > m 2 , and then ∂X is Γ-exact with the minus sign if m 1 = m 2 + 1 = n − 1. The only a 2 's that pass the condition (16) thus contain 2n − 3 and 2n − 2 derivatives. More explicitly,
where the ellipses mean contracted indices. This is very similar to the spin- 5 2 case. Subset-2, on the other hand, has the (undifferentiated) fermionic antighost. In this case, the a 2 's have the form: a 2 =ξ * µ 1 ...µ n−1 Y µ 1 ...µ n−1 + h.c. . Symmetry is imposed in the indices of Y , which comprises both of the ghosts and curls thereof. Following the same logic as presented for spin 5 2 , it is clear that a 2 can contain at most two derivatives: one in C µν and the other in the 1-curl ξ
, as higher-curls of the latter are incompatible with the symmetry of the indices. At this point the possibilities (all to be ruled out) are:
However, one can derive quite similarly a counterpart of condition (82), namely
When n > 2, it is impossible for any element in the list (85) to fulfill this condition because ∂ Y will always contain nontrivial elements of H(Γ). This rules out all of them.
The (2n-2)-Derivative Vertex
In this case, one can go along the same line as the 2-derivative spin- 5 2 vertex. To make the steps go verbatim we add a trivial term to the first element of (84), and write
which looks quite similar to the spin- 5 2 counterpart (36), given the relation (48). To obtain the vertex, one can simply redo the steps of Subsection 3.1.2. One finds,
as the desired non-Abelian 2 − s − s vertex containing 2n − 2 derivatives. Again, let us notice the striking similarity with its spin- 5 2 counterpart (50).
The (2n-1)-Derivative Vertex
Here one starts with the second element of (84) as the starting point. We use five γ-matrices, instead of one, to have a direct generalization of Eq. (51):
One can proceed in the same way as in Subsection 3.1.3 to find:
which is our non-Abelian 2 − s − s vertex with 2n − 1 derivatives. Comparing it with the spin- 5 2 counterpart (57) reveals that they are very similar as well.
Abelian Vertices
Abelian vertices are those that do not deform the gauge algebra. Such a vertex corresponds to a trivial a 2 , and therefore to an a 1 which can always be chosen to be Γ-closed [17] ,
and which is related to the vertex a 0 through the cocycle condition (17):
The 2 − s − s Abelian vertices we wish to consider do not deform the gauge transformations either. In other words, for gravitational cubic coupling of a higher-spin fermion the gauge symmetries remain intact unless the gauge algebra is deformed. 7 To prove this, first we note that it is always possible to rewrite a cubic vertex as
i.e., the graviton field h µν contracted with a symmetric fermion-bilinear current T µν . If the vertex is Abelian, we will see that the latter can be chosen to satisfy
For s = n + 1 2 , let us write the most general form of the a 1 corresponding to (93):
where M µ and P µ 1 ...µ n−1 belong to H(Γ) and have pgh = 0, agh = 1, and a ′ 1 stands for expansion terms in the ghost-curls. The consistency condition (92) now reads
It is clear from the properties of P µ 1 ...µ n−1 that it may consist of two kinds of terms: one contains the antifield h * µν and its derivatives, and the other contains the antifield ψ * ν 1 ...νn and its derivatives. The former kind also contains (derivatives of) the Fronsdal tensor S ν 1 ...νn or (derivatives of) the curvature Ψ µ 1 ν 1 |...|µnνn , while the latter one contains (derivatives of) the linearized Riemann tensor R µνρσ . By using the Leibniz rule, however, one can choose to get rid of derivatives on h * µν and R µνρσ . Thus one can write
where Γp µ 1 ...µn = 0, and the P 's are differential operators acting to the right. Notice that in the above expression both terms in the brackets are not only Γ-closed but also ∆-exact. 8 Now, taking the ∆ variation of P µ 1 ...µ n−1 one finds from Eq. (97) that
where the quantity Q µνρσ, µ 1 ...µ n−1 is Γ-closed and enjoys the same symmetries in its first four indices as the Riemann tensor, and Γq µ 1 ...µn = 0. Therefore, one finds that
The last term on the right-hand side above is Γ-closed, and can be broken into a Γ-exact piece plus terms involving the fermionic ghost-curls. The latter can always be canceled in the cocycle condition (96) by appropriately choosing a ′ 1 . One is thus left with
Now, one can drop the ∆-exact terms added to the original vertex T µν h µν to write
Taking a functional derivative w.r.t. C µ then yields the second condition in Eq. (94):
with ΓM µ = 0 by assumption. On the other hand, a functional derivative w.r.t. h µν gives
which means, in particular, that the quantity on the right-hand side must be Γ-exact. This is possible if ∂ α ∂ β Q µανβ, µ 1 ...µ n−1 is ∆-closed, and the indices of Q have the interchange symmetry α ↔ µ i and β ↔ µ i with i = 1, 2, . . . , n − 1. This enables one to conclude
where ΓT µν = 0. Therefore, one can render the current gauge invariant by field redefinitions without affecting the form (102) of its divergence. This completes the proof of Eq. (94). Then the a 1 following from Eq. (92) reads
We will now prove a sufficient condition for the triviality of a 1 , given by (105), and hence of the deformation of the gauge transformations. It is 
But the derivatives of the bosonic ghost are Γ-exact: 2∂ (µ C ν) = Γh µν and 2∂ ν ∂ ρ C µ = ∂ ρ Γh µν − Γh µν ρ . Because X (µν) and Y µνρ are Γ-closed, one can write
In view of the the cocycle condition ∆a 1 . = −Γa 0 , one can therefore write
Because the quantities added to a 0 on the left-hand side are ∆-exact by assumption, one can render the vertex gauge-invariant only up to a total derivative, by field redefinitions. This proves the triviality of a 1 if Eq. (106) holds. The arguments presented in the beginning of Subsection 3.2 go verbatim for arbitrary spin, except that now the number of derivatives in the Abelian vertex can take the values 2n, 2n + 1 and 2n + 2, since the spin-s curvature tensor contains n derivatives. The corresponding currents can be written as direct generalizations of those for spin 5 2 , given respectively by Eq. (61) with α = 1 4 , and by Eqs. (72) and (75). The explicit vertices are:
None of these vertices deform the gauge transformations. The 2n-derivative vertex can be shown to fulfill the sufficient condition (106) in order for its a 1 to be trivial, and the proof follows exactly the same steps as in the spin- 
Beyond Cubic Order
Let us recall from Eq. (18) that consistent second-order deformations require
This antibracket is zero for the Abelian vertices, which go unobstructed beyond the cubic level. The non-Abelian vertices, on the other hand, have nontrivial a 1 and a 2 and may not fulfill this requirement. Here we will prove by contradiction that indeed they do not. Notice that S 2 is at most linear in the antifields Φ * A , on which Γ does not act. On the other hand, the ∆ variation of only an antighost C * α may produce an antifield. Therefore, the general form of the antibracket evaluated at zero antifields is
. Let us also note that in the antibracket of S 1 = (a 2 + a 1 + a 0 ) with itself, among all the possibilities, only the antibracket between a 0 and a 1 survives when the antifields are set to zero. Thus one is left with
It is relatively easier to compute the quantity b, which must satisfy the requirement:
in view of Eqs. (114) and (115). For simplicity, we stick to the prototypical spin- 5 2 case.
The 2-Derivatives Vertex
For the 2-derivative 2 − 
(117) On the other hand, from Eqs. (38)- (40) and Eq. (C.31), we can write
where the ellipses stand for terms containing the antifield ψ * µν , and j µ ν is some spin- 5 2 bilinear. Then the quantity b will contain 4-fermion terms plus fermion bilinears:
Note that the two kind of terms are completely different and we can treat them separately. If Eq. (116) is fulfilled, a functional derivative thereof w.r.t.ξ µ has to be ∆-exact plus the divergence of a symmetric tensor. This functional derivative reads:
Because the vertex is nontrivial, T µ ν cannot be ∆-exact. Now, the right-hand side of Eq. (120) is trilinear in the spin- 5 2 field. Given that possible Fierz rearrangements cannot redistribute the derivatives among the fields, let us consider, among others, the terms in which three derivatives act on a single fermion. By inspection, it is clear that these terms cannot be written as ∆-exact plus the divergence of a symmetric tensor. Therefore, it is not possible to satisfy Eq. (116). Then in a local theory the non-Abelian 2 − vertex with two derivatives gets obstructed beyond the cubic order.
The 3-Derivatives Vertex
The proof for the 3-derivative case is in the same spirit as the previous example. Let us rewrite, from Eq. (57), the vertex as a 0 . = T µν h µν , with the current given by
Now a 1 is given by Eqs. (52) and (C.39); it has the form:
Again, the quantity b will contain 4-fermion terms and fermion bilinears:
Again, let us consider, in the functional derivative of b w.r.t.ξ µ , the terms with three derivatives acting on a single fermion to find that they cannot be written as ∆-exact plus the divergence of a symmetric tensor. Therefore, Eq. (116) will not be satisfied, and so in a local theory, the 3-derivative 2 − vertex is also inconsistent at the quartic order. Let us note that there is no such obstruction for the cubic gravitational couplings of a spin- 3 2 field, and indeed one can find a local theory consistent to all orders: N = 1 supergravity [14] . For s ≥ 5 2 , the obstruction will hold even if one considers an arbitrary linear combination of the non-Abelian and Abelian vertices. It is expected, however, that in a theory consistent beyond the cubic level only a specific linear combination of the vertices survives. This is indeed the case with the tensionless limit of open string theory [11] . We emphasize that, for higher spins, the obstruction is removed if one gives up locality. The call for non-locality may be intrinsic or may result from having integrated out additional dynamical fields present in the consistent interacting theory or both. String theory, for example, realizes the higher-order consistency by invoking them both [21] .
Concluding Remarks
In this paper, we have constructed parity-preserving covariant cubic vertices for arbitraryspin fermionic gauge fields coupled to gravity in flat space, by employing the BRST-BV cohomological methods. 10 We have seen that gauge invariance and non-triviality of the deformations rule out minimal coupling, and constrain the number of derivatives in a 2 − s − s vertex, in complete accordance with what the light-cone formulation reveals [7] . Two of the lowest-derivative vertices call for deformations of the gauge algebra, i.e., they are non-Abelian. They cannot be extended in a local theory beyond the cubic order in the absence of additional interacting dynamical fields. It turns out that none of the gauge-algebra-preserving Abelian vertices deform the gauge transformations. Our covariant off-shell cubic vertices must be equivalent to those inspired by open string theory, reported in [11] , for an obvious reason: both results are in one-to-one correspondence with the light-cone-formulation ones, and for each allowed derivative value there is a unique vertex [6, 7] . We do not present a direct demonstration of this equivalence, which, however, was done for the electromagnetic case [12] . As we already mentioned, the string-inspired vertices all come with a fixed known numerical coefficient, with the single dimensionful coupling constant set to unity. The apparent freedom for each of our coupling constants may very well be an artifact of the cubic-order analysis that disappears once higher-order consistency is taken into account [17] . The more rigid structure in the string-inspired interactions may not be surprising then, since string theory is consistent beyond the cubic order, with non-locality necessarily creeping in [21] .
Let us see how the 2 − s − s vertices differ for fermionic and bosonic higher spins. First, a boson possesses only three such vertices: with 2s − 2, 2s and 2s + 2 derivatives, the jump in the number of derivatives being two [4, 5, 6] . In contrast, we have seen that a fermion has five cubic vertices; the derivatives range from 2s − 3 to 2s + 1, with a jump of unity. In both cases, though, the number of nontrivial vertices in 4D is the same: two. In D ≥ 5, a fermion exceeds a boson by two vertices: one non-Abelian, another Abelian. On the other hand, 1 − s − s electromagnetic couplings for fermions also have jump of unity in the number of derivatives, which may take three values: 2s − 2, 2s − 1 and 2s. Again, two vertices with the lowest and highest number of derivatives survive in 4D.
Minimal gravitational coupling of massless higher spins does exist in AdS space [13] . The Fradkin-Vasiliev construction [13] incorporates only the cubic non-Abelian vertices. Although the interactions are non-analytic in the cosmological constant, one can take the Λ → 0 limit judiciously to be left with the highest-derivative non-Abelian vertex [5] . It is expected that our flat-space non-Abelian vertices are present in the Fradkin-Vasiliev system in AdS, and a careful flat limit should pick them up. The study of gravitational interaction vertices of a massive spin- 5 2 field in AdS was actually carried out in [22] , where it was noticed that what survives in the massless flat limit is only a 2-derivative vertex when D = 4, or a 3-derivative one when D > 4. This must precisely be our flat-space highest-derivative non-Abelian cubic vertex in the respective dimensions.
What connection may our vertices have with the massive theory? For a massive spin- 5 2 field, coupled to gravity in flat space, it was noticed in Ref. [23] that suitable non-minimal couplings improve the high-energy behavior of the theory by pushing higher the scale at which tree-level unitarity is violated. The simplest of these terms has two derivatives: in 4D it readsψ µα R +µναβ ψ νβ modulo on-shell terms. This is nothing but the first piece in our 2-derivative vertex (50)−the part surviving in 4D in the transeversetraceless gauge. This may not come as a surprise. After all, consistent massive theories are expected to originate from massless ones. A similar thing happens for the spin-
electromagnetic coupling [12] : the gauge-invariant Pauli termψ µ F +µν ψ ν does improve the tree-level unitarity of the massive theory [24] , and shows up in the consistent N = 2 broken supergravity theory [25] . It would be interesting to extend our systematic analysis to (A)dS space. There are certain technical difficulties, though, in extending the applicability of the BRST deformation scheme to spaces of constant curvature. One may use the ambient-space formulation [26] for AdS space, in particular, to avoid these issues. Then one could construct covariant higher-spin vertices in AdS, and the results could be compared with those obtained recently in Refs. [27, 28] . This would help us understand better the rather intricate structure of the Vasiliev higher-spin systems [29] , by possibly leading us a step closer to a yet-to-be-found standard action. We leave constructions in AdS space as future work.
A Curvatures, Identities & EoMs
In this Appendix we will discuss some important properties of the curvatures and curls of the different fields under consideration. We will also write down various forms of the EoMs in terms of these objects, which would help us identify ∆-exact terms.
Spin 2
The 1-curl, h µν ρ , of the spin-2 field is antisymmetric in its first two indices, and obeys the Bianchi identities,
The linearized Riemann tensor, R µνρσ = R [µν] [ρσ] = R ρσµν , obeys the same:
The original graviton EoMs are given in terms of the linearized Einstein tensor,
Taking a trace, it follows immediately that
where "prime" denotes a trace, h * ′ ≡ h * µ µ . The second one in Eq. (A.2) leads to the contracted Bianchi identity, which says that the divergence of the Riemann tensor is ∆-exact:
A trace of the above identity shows that the Einstein tensor is divergenceless, ∂ µ G µν = 0, while a double γ-trace gives
By using the relation γ α γ ρσ = 2γ αρσ − γ ρσ γ α , and the first Bianchi identity in Eq. (A.2), it is easy to see that ∂ R µν = − R µν ← ∂. This quantity is actually ∆-exact:
Other forms of ∆-exact terms, that we do not use, include γ µ R µν and R µνρσ .
Spin 5/2
Just like spin 2, the 1-curl of the spin-
field, ψ µν ρ , is antisymmetric in its first two indices, and obeys the Bianchi identities,
The curvature tensor, Ψ µν|ρσ = Ψ [µν]|[ρσ] = Ψ ρσ|µν , obeys the same:
For spin 5 2 , let us recall from Section 3, that the original EoMs are given by
One can easily rewrite these in terms of the Fronsdal tensor,
and similarlyS ν 1 ν 2 = ∆φ * ν 1 ν 2 for its Dirac conjugate, where
From the definition of the Fronsdal tensor, one easily finds that
whose γ-trace, in turn, gives:
Now we see that the quantity γ µ 1 Ψ µ 1 ν 1 | µ 2 ν 2 is given by the 1-curl of Eq. (A.13), and that it is ∆-exact:
Similarly, from a 1-curl of Eq. (A.14), we obtain another useful form:
Taking a curl of (A.15), one finds yet another form, 
Similarly, one can find the various forms of the EoMs for the Dirac conjugate spinor. Now from the definition of the Fronsdal tensor, one can find the identity
Taking a divergence of Eq. (A.10a), and then using the above identity, one can write
This can be rewritten, by using Eqs. (A.10)-(A.12), as
Arbitrary Spin
Let us recall that for arbitrary spin s = n + 1 2
, we have a totally symmetric rank-n tensor-spinor ψ ν 1 ...νn , whose curvature is its n-curl, i.e., the rank-2n tensor
The curvature tensor (A.22) is gauge invariant even for an unconstrained gauge parameter. Its properties can be found in [15] . The curvature is antisymmetric under the interchange of "paired" indices, e.g.,
but symmetric under the interchange of any two sets of paired indices, e.g.,
Another important property of the curvature is that it obeys the Bianchi identities
Actually, these properties hold good for any m-curl, m ≤ n, that contains paired indices. For spin s = n + 1 2
, we recall from Section 4 that the original EoMs read
One can reexpress the EoMs in terms of the Fronsdal tensor as follows: .27) and similarlyS ν 1 ...νn = ∆φ * ν 1 ...νn for its Dirac conjugate, where
(A.28)
Taking an (n − 2)-curl of the the Fronsdal tensor (A.27), one finds the relation
The arbitrary spin generalizations of Eqs. (A.15)-(A.18) are rather straightforward, and can be derived the same way. They respectively read 
This, when used in the divergence of Eq. (A.26a), gives 
(A.38)
B The Cohomology of Γ
In this Appendix we clarify and prove some important facts about the cohomology of Γ, used throughout the main text. Let us recall that the action of Γ is defined by
2)
The nontrivial elements in the cohomology of Γ are nothing but gauge-invariant objects that themselves are not gauge variations of something else. Let us consider one by one all such elements, and also prove some useful relations involving Γ-exact terms.
B.1 Curvatures
The curvatures {R µνρσ , Ψ µ 1 ν 1 |...| µnνn } and their derivatives belong to H(Γ). That the curvatures are Γ-closed is easy to see. For the linearized Riemann tensor, R µνρσ , it follows from the commutativity of partial derivatives as one takes the 2-curl of Eq. (B.1):
One can also take a 1-curl of the first equation of (B.2) to obtain 4) and similarly for the Dirac conjugate. Likewise, an m-curl of Eq. (B.2) gives, for m ≤ n,
In particular, when m = n, we have the Γ-variation of the curvature; it vanishes:
Note that the Γ-closure of the curvature holds without requiring any constraints on the fermionic ghost. To see that the curvatures are not Γ-exact, we simply notice that these are pgh-0 objects, whereas any Γ-exact piece must have pgh > 0. Therefore, the curvatures are nontrivial elements in the cohomology of Γ, and so are their derivatives.
As we have already seen, only the highest curl (n-curl) of the field ψ ν 1 ...νn is Γ-closed, while no lower curls are. It is the commutativity of partial derivatives that plays a crucial role. Clearly, an arbitrary derivative of the field will not be Γ-closed in general. Yet, some particular linear combination of such objects (or their γ-traces) can be Γ-closed under the constrained ghost. The latter possibility is exhausted precisely by the Fronsdal tensor and its derivatives, which will be discussed later.
B.2 Antifields
The antifields {h * µν , C * µ ,ψ * µ 1 ...µn ,ξ * µ 1 ...µ n−1 } and their derivatives belong to the cohomology of Γ as well. These objects are Γ-closed simply because Γ does not act on the antifields. On the other hand, having pgh = 0, they cannot be Γ-exact.
B.3 Ghosts & Ghost-Curls
The undifferentiated ghosts {C µ , ξ µ 1 ...µ n−1 } are Γ-closed objects since Γ does not act on them. Moreover, they cannot be Γ-exact, thanks to Eqs. (B.1)-(B.2), which say that any Γ-exact term must contain at least one derivative of a ghost. Any derivatives of the ghosts are also Γ-closed. Some derivatives, though, will be Γ-exact, i.e., trivial in the cohomology of Γ. For example, any symmetrized derivatives of the bosonic ghost is trivial:
Γh µν , but its 1-curl is not. We have
By taking a curl of Eq. (B.1), one however finds that any derivative of C µν is Γ-exact:
Derivatives of the fermionic ghost are more interesting. In the simplest case of a spin-
field, with n = 2, we see that
The 1-curl ξ µν is a nontrivial element in the cohomology of Γ, but its γ-trace is not: 10) thanks to the γ-tracelessness of the ghost. Again, a derivative of the 1-curl is trivial:
which is obtained directly from Eq. (B.4) by setting n = 2. The n = 3 counterpart of Eq. (B.9) reads
The generalization to arbitrary spin is straightforward. One obtains
We conclude that any first derivative of the fermionic ghost is a linear combination of 1-curls, up to Γ-exact terms. Therefore, it suffices to consider only 1-curls of the ghost in the cohomology of Γ. More generally, for m derivatives, with m ≤ n − 1, one can consider only the m-curls in the cohomology of Γ. To see this, we can first take a curl of Eq. (B.13) to convince ourselves that only 2-curls of the ghost are nontrivial. Similarly, we can continue step by step to show that for any m-derivative combination of the fermionic ghost, with m ≤ n − 1, it suffices to consider only m-curls thereof. It is clear that the derivative of an m-curl, ∂ νn ξ
, contains nontrivial (m + 1)-curls. Only when symmetrized w.r.t. the indices {ν m+1 , ..., ν n }, may this quantity be Γ-exact. This fact is nothing but a restatement of Eq. (B.5) for 0 ≤ m ≤ n−1:
(B.14)
Setting m = n − 1, it follows immediately that a derivative of the highest ghost-curl is always Γ-exact:
which generalizes Eq. (B.11) for arbitrary spin. However, the γ-trace of any m-curl, ξ
, is always Γ-exact. If the γ-matrix carries one of the unpaired indices {ν m+1 , ..., ν n−1 }, this quantity vanishes since the ghost is γ-traceless. Otherwise, the same constraint gives rise to the following:
But one can take a γ-trace of Eq. (B.14) to see that the above quantity is actually Γ-exact. Thus one finds the arbitrary-spin generalization of Eq. (B.10):
So, one may exclude from the cohomology of Γ the γ-traces of the fermionic ghost-curls.
B.4 Fronsdal Tensor
The Fronsdal tensor S µ 1 ...µn and derivatives thereof also belong to the cohomology of Γ. From the definition, one finds that its Γ variation is given by
This quantity vanishes since the ghost is γ-traceless. S µ 1 ...µn , being a pgh-0 object, is not Γ-exact either. Therefore, the Fronsdal tensor and its derivatives belong to H(Γ).
In view of Eq. (A.31) and (A.33), however, we see that the two highest curls of the Fronsdal tensor boil down to objects already enlisted in Subsection B.1, and therefore do not need separate consideration. The aforementioned equations are generalizations of the Damour-Deser relations [30, 31] . Consequently, for the spin- 5 2 case, it suffices to consider only symmetrized derivatives of the Fronsdal tensor.
C Proof of Some Technical Steps
Throughout the bulk of the paper, we have omitted the proof of some cumbersome technical steps for the sake of readability. The detailed proof of those steps appear in this Appendix. We will use a number of γ-matrix identities, which can be derived, for example, by using the Mathematica package called Gamma [32] .
C.1 2-Derivative 2-5/2-5/2 Vertex
In Eq. (36), the part of a 2 that contains the fermionic antighost is given by
which comes with five γ-matrices. But it can be cast into an equivalent form that contains just one, like that appearing in Eq. (27) . To see this, let us first use the γ-matrix identity:
and then another one for the antisymmetric product of four γ-matrices, namely
The result is
In both the first and the second lines on the right-hand side, the first term is of the desired form with a single γ-matrix, while the second and third terms give rise to the Γ-exact pieces γ ν ξ µν and γ µν ξ µν , either directly or through the relations:
and γ ν γ α = −γ α γ ν + 2η να . Finally, on account of the γ-tracelessness ofξ * ρ , one obtains
which is indeed equivalent to the p = 2 piece presented in Eq. (27) , since more explicitly, 
One can take a curl of the above equation, and relate the 1-curl of the Fronsdal tensor to the γ-trace of the curvature through Eq. (A.15), which yields
When this expression is used in Eq. (42), the S ′ -terms vanish because of the Bianchi identity,ψ [αβ ν] , imposed by the antisymmetric 5-γ. The result is
Now one can take ∂ τ out of the curvature and use Leibniz rule to find a total derivative plus some terms that can be identified as −β µ C only ifg is real. With this, one obtains
Note that the quantity inside the parentheses can be made symmetric under µ ↔ ν for free, thanks to the Bianchi identities playing role when ∂ ν hits the 1-curls. This leads us to Eq. (43) under the stated condition:g is real. ♠ Next, we will derive Eq. (45) from Eq. (44). We will simply show (dropping the quite similar proof for hermitian conjugates) that In the first term on the right-hand side, let us pull out the derivative ∂ σ off the ghostcurl and integrate by parts. This is followed by another integration by parts w.r.t. ∂ λ .
In the second term, on the other hand, we pull out the derivative ∂ β off the ghost-curl to integrate by parts. In these steps, we exploit the antisymmetry of the products of γ-matrices, which kills some terms by enforcing the second Bianchi identities given in Eqs. (C.14) Now, in the last term on the right-hand side, the matrices γ µνραβ and γ στ λ actually commute. This can be seen by first writing γ στ λ = 1 2 γ σ γ τ γ λ − γ λ γ τ γ σ , and then noticing that any of these γ-matrices commutes past γ µνραβ , on account of the identity: 15) and similar ones for γ τ and γ λ , and the fact that the antisymmetric products of six γ- where the potential terms with six γ-matrices have all been eliminated by the Bianchi identities. Whenever the index λ is on a γ-matrix, we will get rid of γ-matrices altogether by using the identity: γ λα = γ λ γ α − η λα , and the γ-tracelessness of the fermionic ghost.
Otherwise, if just one of the indices α and β appears on a γ-matrix, we will use the same identity to obtain a single γ-trace of ψ αβ τ . These steps leave us with It is rather easy to see that the entire first line reduces, up to total derivatives, to a Γ-exact piece modulo ∆-exact terms. Although more difficult to see, the same is true for the second line as well. Let us call the first and the second lines on the right-hand side of Eq. (C.20) respectively as 1st Line and 2nd Line. In 1st Line we can use the relation (A.14), and carry out an explicit computation to write down 1st Line = −8igξ λ R λναβ + R ανλβ ∂ α ψ νβ + 2R λβ ψ αβ α − R αβ ψ λ α β + The first line on the right-hand side is now manifestly ∆-exact, whereas the second line can be written as Γ-exact plus ∆-exact modulo total derivatives, which we will now show.
To this end, we will first compute the Γ variation of the following quantity:
The Γ variation gives derivatives of the ghost, but integrations by parts will yield (C.34) The first term on the right-hand side plus its hermitian conjugate is Γ-exact modulo d, while the remaining terms are ∆-exact. To see this, let us massage these terms. We have On the other hand, it is manifest that the second and third terms appearing on the right-hand side of Eq. (55) are ∆-exact quantities. Moreover, they are ∆ variations of some Γ-closed objects. The following choice of the ambiguity will eliminate these terms: 
